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Exercise 5

(The hammer blow) Let ¢(x) =0 and ¢(z) =1 for |x| < a and ¢ (z) = 0 for |z| > a. Sketch the
string profile (u versus x) at each of the successive instants ¢t = a/2¢, a/c, 3a/2¢, 2a/c, and ba/c.
[Hint: Calculate

1 x+ct 1
u(z,t) = 20/ t P(s)ds = %{length of (x —ct, x4 ct) N (—a,a)}.

Then u(z,a/2c) = (1/2¢) {length of (x —a/2,z + a/2) N (—a,a)}. This takes on different values
for |z| < a/2, for a/2 < x < 3a/2, and for x > 3a/2. Continue in this manner for each case.]

Solution

The goal for this exercise is to plot the solution to the wave equation with initial conditions
versus x at five instants in time:

1 |z|<a
2
Ut = C Ugz, w(x,0) =0, wu(x,0)= .
tt xrxr ( ) t( ) {0 ‘x’ Z a
The solution to the wave equation with initial conditions, u(z,0) = ¢(x) and w(z,0) = P(z), is
given by D’Alembert’s formula,

W@, ) = - o + o) + bz — b)) + — / (s ds.

2c

| =

Since ¢(x) = 0, the solution reduces to

x+ct
u(z,t) = 210/ P(s)ds.

—ct
Following the hint, we will set ¢ equal to each of the five values and then determine
1
?{length of (x —ct, x+ct)N(—a,a)}
c
for various intervals of x in order to evaluate u(x,t). The reason we only care about the length
from x — ct to x + ct here is because the integrand () is equal to 1 from z = —a to = a and 0

everywhere else.

The String Profile for ¢ = 5

Setting ¢t = 5, we find that x + ¢t = x & 5. The first interval of x we consider is the one where
the left and right-most points, x £ §, are outside the interval, (—a, a), on the left side. The
right-most point, z + §, touches the left end of the interval, (—a,a), at the highest value of z.

3
For z < —Ea, (ac — %,334- %) N(—a,a) = (—o0,—a) N (—a,a) =0

— u(x,a)zl/ 1lds =0
2c 2c

—a
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The next interval of x we consider is the one where the right-most point, x + §, is inside the
interval, (—a, a), but the left-most point, x — §, is not. The distance from x — § to x + § is a, so
the next interval of z will be from where we left off, —37“, to —5, where the left-most point

touches the left end of the interval.

F\ 3a< <2 ( a +a>m( ) ( +a)
T — — _— _ = — —_ = —_ —
0] 5 T 5’ x 2,:17 5 a,a a,x 5

— u(x g) —1/x+;1ds—1<x+3a>
" 2c 2c J_, 2c 2
The next interval of z we consider is the one where the left and right-most points,  + %, are inside
the interval, (—a,a). This interval of 2 will start from where we left off, —¢, and go to §. The
left-most point, z — §, touches the left end of the interval, (—a,a), at the lowest value of x, and
the right-most point, x + §, touches the right end of the interval, (—a, a), at the highest value of .

F T r<l ( a +a)ﬂ( ) ( a +a>
r — — — —_ = — — = —_ = —
(¢} 5 x 5’ T 2,:5 5 a,a x 2,:5 5

1 (o3
— u(ﬂ:,a>=/ 21d5:g
2c 2c 2c

a
T3

The next interval of x we consider is the one where the right-most point, x + §, is outside the
right end of the interval, (—a, a), and the left-most point, x — §, is still inside of it. This interval
of z will start from where we left off, £, and go to 37‘1, where the left-most point touches the right

DRI
end of the interval, (—a,a).

For & < <3a ( a +a)m( ) ( a4 )
or — _ _ — —_ = _—
1"2 x 5 x 2,$ 5 a,a x 2,@

. ( a) 1/“ 1d 1 (3a
ulz,—)=— s=—|—=—-=z
" 2¢ 2 Jo-a 2¢ \ 2

The last interval of  we consider is the one where the left and right-most points, x & 5, are
outside the interval, (—a,a), on the right side. The interval of x will start from where we left off,
37“, and go to oo. The left-most point, x — §, touches the right end of the interval, (—a,a), at the
lowest value of x.

3
For = > g, (xf%,erg) N (—a,a) = (a,00) N (—a,a) =0

— u(x,;c):/alds:O

Now that we know u (x, %) for all z, it can be plotted.

www.stemjock.com



Strauss PDEs 2e: Section 2.1 - Exercise 5 Page 3 of 9

3a aoé 3a

2 2 2 2

Figure 1: Plot of u(z,t) when t = .

The String Profile for ¢t = ¢

Cc

Setting t = ¢, we find that x 4= ¢t = x & a. The first interval of x we consider is the one where the

left and right-most points, = + a, are outside the interval, (—a, a), on the left side. The right-most
point, x + a, touches the left end of the interval, (—a,a), at the highest value of z.

Forx < —2a, (x—a,z+a)N(—a,a) = (—o00,—a)N(—a,a) =10
1 —a
— u(x,a>:/ 1ds =0
c 2c J_,

The next interval of & we consider is the one where the right-most point, x + a, is inside the
interval, (—a,a), but the left-most point, x — a, is not. The distance from = — a to = + a is 2a, so
the next interval of z will be from where we left off, —2a, to 0.

For —2a<2<0, (z—a,xz+a)N(—a,a)=(—a,x+a)

1 [ote 1
— u(az,g> / lds = — (z + 2a)
c

" 2 —a 2c

Since the interval, (—a, a), is 2a units long as well, the next interval of x we consider is the one
where the right-most point, = + a, is outside the interval, (—a,a), and the left-most point, = — a,
is still inside it. This interval of z will start from where we left off, 0, and go to 2a, where the
left-most point touches the right end of the interval, (—a, a).

For0 <z <2a, (rx—a,x+a)N(—a,a)=(x—a,a)

1 /e 1
— u(a:,a>:/ lds = —(2a — x)
c 2¢ Jo—u 2c
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The last interval of x we consider is the one where the left and right-most points, = + a, are
outside the interval (—a, a) on the right side. The interval of x will start from where we left off,
2a, and go to co. The left-most point, x — a, touches the right end of the interval, (—a,a), at the
lowest value of x.

For z > 2a, (zr—a,z+a)N(—a,a)=(a,0)N(—a,a)=10
a
— u(az,g> :/ lds =0
c a
Now that we know u (x, %) for all z, it can be plotted.

u

-2a 0 2a

Figure 2: Plot of u(x,t) when t = 2

c’

The String Profile for ¢t = g—‘c‘

Setting t = 3—‘;, we find that x £ ct =z £ 37“ The first interval of x we consider is the one where
the left and right-most points, x + 37", are outside the interval, (—a,a), on the left side. The

right-most point, x + 37‘1, touches the left end of the interval (—a,a) at the highest value of x.

2 DN 2

3a 1 [
— u<x,2c>—20/a 1ds =0

Forx<—5—a, < s $+3a> N(—a,a) = (—o00,—a)N(—a,a) =0

www.stemjock.com



Strauss PDEs 2e: Section 2.1 - Exercise 5 Page 5 of 9

The next interval of x we consider is the one where the right-most point, = + 37“, is inside the

interval, (—a, a), but the left-most point, x — 37&, is not. The distance from = — %a to z + 3—2“ is 3a,
which is bigger than the interval, (-a,a). This means the next interval of x will be from where we

left off, —57“, to —§, where the right-most point, x + 3—;, touches the right end of the interval,

(—a,a).

F 5a< <2 S +3a N ( ) +3a
r — — _— _— —_— — = — _
0 5 x 5’ x 2,:U 5 a,a a,x 2

. 3a 1 /H? s = L (4 B0
u xXr, — = S = — xX P
e 2¢ J_, 2¢ 2

Since the interval, (—a,a), is only 2a units long, the next interval of x we consider is the one
where the right-most point, x + 37“, is outside the interval, (—a,a), on the right, and the left-most
3a

point, x — =, is still outside the left end. This interval of x will start from where we left off, —3,

and go to §, where the left-most point touches the left end of the interval, (—a,a).

2 2 2 2

a
- u m,B—a :1/ 1ds =2
2c 2c J_, c

The next interval we consider is the one where the left-most point, z — 37“, is inside the left end of
the interval, (—a,a), and the right-most point, = + 37“, is outside (—a,a) on the right side. The
interval of x will start from where we left off, ¢, and go to 57“, where the left-most point touches

IO
the right end of (—a,a).

a oa 3a 3a 3a
For - <2 < —, r——,x+— |N(—a,a)=|(z——,a

3 3
For — - <:1:<g, <x—a,x+a) N(—a,a) = (—a,a)

2 2 2’ 2 2
3a 1 [ 1 [b5a
Y & lds = — [ 22 —
- u(m, 2c> 20/5,:_32(1 Y ( 2 x)

The last interval of x we consider is the one where the left and right-most points, x + 37“, are
outside the interval, (—a,a), on the right side. The interval of x will start from where we left off,
57“, and go to co. The left-most point, z — 35“, touches the right end of the interval, (—a,a), at the
lowest value of x.

2 2’ 2

3a 1 [
—_— —_ — 1 pr—
- u (m, 20) 20/a ds =0

Now that we know u (:c, ?2’—‘2) for all , we can plot it.

For = > 5—a, (az—3a x—|—3a> N (—a,a) = (a,00) N (—a,a) =0
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: . _3
Figure 3: Plot of u(x,t) when t = 5%.

The String Profile for ¢t = 27“

Setting t = 2?“, we find that x & ¢t = « £ 2a. The first interval of x we consider is the one where

the left and right-most points, = + 2a, are outside the interval, (—a, a), on the left side. The
right-most point, x + 2a, touches the left end of the interval, (—a,a), at the highest value of z.

For x < —3a, (x—2a,2+ 2a)N(—a,a) = (—o00,—a)N (—a,a) =10

2 1 [ ¢
— u(az,a>:/ 1lds=0
c 2c J_,

The next interval of x we consider is the one where the right-most point, x 4+ 2a, is inside the
interval, (—a,a), but the left-most point, x — 2a, is not. The distance from = — 2a to = + 2a is 4a,
which is bigger than the interval, (-a,a). This means the next interval of z will be from where we
left off, —3a, to —a, where the right-most point, « + 2a, touches the right end of the interval,

(—a,a).

For —3a <z < —a, (z—2a,z+2a)N(—a,a)=(—a,z+ 2a)

2 1 x+2a 1
— u(x,a> / lds = — (z + 3a)
c 2c

:% .
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Since the interval (—a, a) is only 2a units long, the next interval of = we consider is the one where
the right-most point, x + 2a, is outside the interval, (—a,a), on the right, and the left-most point,
T — 2a, is still outside the left end. This interval of x will start from where we left off, —a, and go
to a, where the left-most point touches the left end of the interval, (—a,a).

For —a<z<a, (x—2a,x+2a)N(—a,a)=(—a,a)

2 1 [
— u(ax,a>:/ lds =12
c 2c J_, c

The next interval of x we consider is the one where the left-most point, x — 2a, is inside the
interval, (—a,a), and the right-most point, = + 37“, is outside the interval, (—a,a), on the right
side. This interval of x will start from where we left off, a, and go until 3a, where the left-most
point touches the right end of (—a,a).

Fora <z <3a, (z—2a,2+2a)N(—a,a)=(z—2a,a)

2 1 [ 1
— u(az,a):/ lds=— (3a —x)
c 2¢ Jo_oa 2c

The last interval of x we consider is the one where the left and right-most points, x &+ 2a, are
outside the interval, (—a,a), on the right side. This interval of x will start from where we left off,
3a, and go to co. The left-most point, x — 2a, touches the right end of the interval, (—a,a), at the
lowest value of x.

For x > 3a, (v —2a,z+2a)N(—a,a)= (a,00)N(—a,a)=10
2 1 [
— u(az,a> :/ 1ds =0
c 2c J,
Now that we know (x, 27“) for all x, we can plot it.

u

—-3a —a

Figure 4: Plot of u(x,t) when t = 22,
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The String Profile for t = 22

C

Setting ¢t = 5?“, we find that « + ¢t = x + 5a. The first interval of x we consider is the one where

the left and right-most points, = + 5a, are outside the interval, (—a, a), on the left side. The
right-most point, x + 5a, touches the left end of the interval, (—a,a), at the highest value of z.

For z < —6a, (z—ba,z+ 5a) N (—a,a) = (—o00,—a)N(—a,a) =10

—a
— u(x,m)zl/ 1lds=0
c 2c J_,

The next interval of x we consider is the one where the right-most point, x 4+ 5a, is inside the
interval, (—a, a), but the left-most point, x — 5a, is not. The distance from = — 5a to x + 5a is
10a, which is bigger than the interval, (-a,a). This means the next interval of z will be from where
we left off, —6a, to —4a, where the right-most point, x + 5a, touches the right end of (—a, a).

For —6a <z < —4a, (z—5a,z+5a)N(—a,a)=(—a,z+ ba)

5 1 xr+ba 1
— u(:v,a>— / lds = — (z + 6a)
c 2c

=% B

Since the interval (—a, a) is only 2a units long, the next interval of x we consider is the one where
the right-most point, x + 5a, is outside the interval, (—a, a), on the right and the left-most point,
x — bHa, is still outside the left end. This interval of x will start from where we left off, —4a, and
go to 4a, where the left-most point, x — 5a, touches the left end of the interval, (—a,a).

For —4a <z <4a, (x—>5a,z+5a)N(—a,a)=(—a,a)

a
— u(m,5a>:1/ 1ds =2
c 2c J_, c

The next interval we consider is the one where the left-most point, x — 5a, is inside the interval,
(—a,a), and the right-most point, x + 5a, is outside (—a, a) on the right side. The interval of z
will start from where we left off, 4a, and go to 6a, where the left-most point, x — 5a, touches the
right end of the interval, (—a,a).

For4a <z < 6a, (x—ba,z+5a)N(—a,a)= (z—ba,a)

2 1 [ 1
— u(x,a>:/ lds = — (6a — z)
c 2¢ Jo_5a 2c

The last interval of « we consider is the one where the left and right-most points, x + 5a, are
outside the interval, (—a,a), on the right side. The interval of x will start from where we left off,
6a, and go to co. The left-most point, x — 5a, touches the right end of the interval, (—a,a), at the
lowest value of x.

For x > 6a, (x—5a,x+ 5a)N(—a,a) = (a,00)N(—a,a) =0

— u(m,&z):l/ 1lds =0
c 2c J,

Now that we know (x, %a) for all x, we can plot it.
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u
5a
t=—
C
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~6a —4a 0 "~ 4a  6a X

Figure 5: Plot of u(z,t) when t = 22,

C
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